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12 The Equations of Motion §

(b) 'The co-ordinates of m are x = & cos yi+1sin ¢, ¥ = I cos ¢. The Lagrangian is (omit-
1ting total derivatives)
L = {mltj3t mlay® cos yt sin ¢+ mgl cos ¢
(¢} Similacly . CHAPTER I1
L = ymi2f®4mlay® cos yt cos ¢tmgl cos ¢.

CONSERVATION LAWS

§6. Energy

DuriNG the motion of a mechanical system, the 25 quantities g; and ¢
(f = 1,2, ..., 5) which specify the state of the system vary with time. There
exist, however, functions of these quantities whose valies remain constant
during the motion, and depend only on the initial conditions. Such functions
are called fntegrals of the motion.

The number of independent integrals of the motion for a closed mechanical
system with s degrees of freedom is Zs- 1. This is evident from the following
simple arguments. The general solution of the equations of motion containa

Fic. 3 2s arbitrary constants (see the discussion following equation (2.6)). Since the
. equations of motion for a closed system do not invelve the time explicitly,

ProsteM 4, 'The system shown in Fig. 4. The particle mz moves on a vertical axis and the the choice of the origin of time is entirely arbitrary, and one of the arbitrary
whole system rotates about this axis with a constant angular velocity Q. constants in the solution of the equations can always be taken as an additive
4 constant #g in the time. Eliminating #+ # from the 2s functions ¢; = ¢{¢+ to,
i Cy, Co, .y Cos_1), Gt = Gi{t+ 1o, C1, Co, <., ﬁ.m.THV. we can express the 2¢—1
m 7’ arbitrary constants C, Cy, ..., Cay_1as functions of g and ¢, and these functions
j ° 4 will be integrals of the motion, ’

Not all integrals of the motion, however, are of equal importance in mech-
. anics. There are some whose constancy is of profound significance, deriving
o i from the fundamental homogeneity and isotropy of space and time. The
quantities represented by such integrals of the motion are said to be conserved,
and have an important common property of being additive: their values for a
system composed of several parts whose interaction is negligible are equal
to the sums of their values for the individual parts.

It is to this additivity that the quantities concerned owe their especial
importance in mechanics. Let us suppose, for example, that two bodies
interact during a certain interval of time. Since each of the additive integrals

‘SOLUTION. Let # be the angle between one of the segments a and the vertical, and ¢ the of the whole system is, both before and after the interaction, equal to the
angle of rotation of the system about the axis; 4 = 0. For each particle my, the infinitesimal sum of its values for the two bodies separately, the conservation laws for these
nm.w._.ﬂvﬁ”.m s given wunum.___ﬂ %._“ e ”_,ﬂu N %M.n;qo._um distance of ms from the point quantities immediately make possible various conclusions regarding the state

T of the bodies after the interaction, if their states before the interaction are
L = mya¥({*-03 2int6) 4+ 2maais? sinté-+-2(m1+malga cos 8. known.

Let us consider first the conservation law resulting from the homogeneity
of time, By virtue of this homogeneity, the Lagrangian of a closed system
does not depend explicitly on time, The total time derivative of the Lagran-
gian can therefore be written ,

dL
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